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$\frac{\partial W}{\partial t_{n}}=B_{n}W-W\partial^{n}$ $(n=1,2, \ldots)$ (1)
. $B_{n}$




( $0$ ) $w_{n}(n=1,2, \ldots)$
$\mathcal{A}=\mathbb{C}[\partial^{k}w_{n}(n=1,2, \ldots, k=0,1, \ldots)]$ (3)
. (derivation) $\partial$ Leipniz $\mathcal{A}$ . KP
hierarchy $A$ $\partial_{n}=\frac{\partial}{\partial t_{n}}$ $(n=1,2, \ldots)$ . KP
hierarchy $\partial,$ $\partial_{n}$ $\mathcal{A}$ .
.
$\mathcal{A}$
$\mathcal{D}=\{P; P=\sum_{n=0}^{m}p_{n}\partial^{n}, p_{n}\in \mathcal{A}\}$ ,
$\mathcal{E}=\{P; P= \sum_{n=-\infty}^{m}p_{n}\partial^{n}, p_{n}\in A\}$ . (4)
. $A$
$\mathcal{D}^{(m)}=\{P=\sum p_{n}\partial^{n}\in \mathcal{D};p_{n}=0(n>m)\}$ ,
$\mathcal{E}^{(m)}=\{P=\sum p_{n}\partial^{n}\in \mathcal{E};p_{n}=0(n>m)\}$ ,
$y\triangleright$ . $(\cdots)_{+}$ $(\cdots)_{-}$
$\mathcal{E}$ $=$ $\mathcal{D}$ $\oplus$
$\mathcal{E}^{(-1)}$
(5)
$P$ $=$ $(P)_{+}$ $+$ $(P)_{-}$
$\mathcal{A}$ .
$\mathcal{A}$ ( ,
) KP hierarchy .
$\mathcal{M}=\mathcal{D}W$, $W=1+ \sum_{n=1}^{\infty}w_{n}\partial^{-n}$ , (6)
$\mathcal{E}$ $\mathcal{D}$ . .






32) $W_{i}$ $W$ .
$=(\partial^{i}\cdot W^{-1})_{+}\cdot W$. (8)
$w_{n}=-w_{0,-n}(n\geq 1)$ .
3) $W_{i}$ .
$\partial\cdot W_{i}=W_{i+1}-w_{i,-1}W_{0}$ $(i\geq 0)$ . (9)
4) $\mathcal{A}$ .
$\mathcal{E}$ $=$ $\mathcal{M}$ $\oplus$
$\mathcal{E}^{(-1)}$
$\partial^{i}$




$\mathcal{A}=\mathbb{C}[w_{ij}(i\geq 0, j<0)]$ (11)
$\partial$ (9) .
$\partial w_{ij}=w_{i+1,j}-w_{i,j-1}-w_{i,-1}w_{0,j}$ (12)






$\partial_{n}w_{ij}=w_{i+n,j}-w_{i,j-n}-\sum_{k=-n}^{-1}w_{ik}w_{k+n,j}$ $(n\geq 1)$ . (13)
KP hierarchy . (3)
$\partial_{n}(n=1,2, \ldots)$ . (13)
. $\partial$ (12) ( $\partial_{1}$
3
4) ( Riccati
. ‘ ’ . )
, $w_{ij}$ Grassmann affine
. KP hierarchy Grassmann
. $\partial,$ $\partial_{n}$ Grassmann Lie .
( ) . $[5, 6]$ .
2. $hier$ a $rchy$
hierarchy ( TL hierarchy )
. 2) .
KP hierarchy $W$
VI $=(w_{i-j}^{(i)})_{i,j\in Z}$ , $(14a)$
$W=(v_{j-i}^{(i)})_{i,j\in Z}$ , $(14b)$
2 . ([7] $W^{(\infty)},$ $W^{(0)}$ ,
. ) $w_{n}^{(s)},$ $v_{n}^{(s)}(s, n\in Z)$
$w_{n}^{(s)}=0(.n<0)$ , $w_{0}^{(s)}=1$ , $(15a)$
$v_{n}^{(s)}=0(n<0)$ , $v_{0}^{(s)}=$ , $(15b)$
. (‘ ’ ‘ ’
, ‘ ’
. , $w_{n}^{(s)},$ $v_{n}^{(s)}$
TL hierarchy , $v_{0}^{(s)}$
. ) $\mathbb{W},$ $1I$ ,
.











KP hierarchy $B_{n}$ .
$IB_{+n}=(W\Lambda^{n}1W^{-1})_{+}$ $(n\geq 1)$ , $(16a)$
$B_{-n}=(1T\Lambda^{-n}W^{-1})_{-}$ $(n\geq 1)$ , $(16b)$
$\Lambda^{n}(n\in Z)$
$\Lambda^{n}=(\delta_{i+n,j})_{i,j\in Z}$ (17)




$(A)_{+}=(\theta(i\leq j)a_{ij})$ , $(18a)$
$(A)_{-}=(\theta(i>j)a_{ij})$ . $(18b)$
$\theta(\cdots)$ Boole – 1, $0$ .
TL hierarchy .
$\partial_{+n}1W=B_{+n}1W-W\Lambda^{n}$ , $(19a)$
$\partial_{+n}1I=B_{+n}\lambda T$ , $(19b)$
$\partial_{-n}W=1B_{-n}W\Gamma$ , $(19c)$
$\partial_{-n}\lambda \mathcal{T}=B_{-n}lT-W\Lambda^{-n}$ , $(19d)$
$\partial_{\pm n}=\frac{\partial}{\partial t\pm n}(n=1,2, \ldots)$ 2 $t_{\pm n}$ .
, ,
2 $\partial_{\pm n}$ .
5
6,
$\mathcal{A}=\mathbb{C}[w_{n}^{(s)},$ $v_{n}^{(s)},$ $v_{0}^{(s)-1}(n, s\in Z)]$ (20)
$\partial\pm n$ (19) , . $v_{0}^{(s)-1}$
$B_{-n}$ $Y\Psi^{-1}$ $v_{0}^{(s)-1}$ .
‘ $v_{0}^{(s)}$ ’ .
KP hierarchy $\partial$
.
(19) ( $w_{1}^{(s)},,$ $v_{0,1}^{(s)}$ $\partial_{\pm 1}$
.
. ) D .
.
3. $D$
$[7, 8]$ . [7] , TL
hierarchy 2 KP hierarchy ‘ ’ . [7]
, [8]
. 2 KP hierarchy KP hierarchy $2\cross 2$
, $D$
. $D$ $M_{2}(\mathbb{C})\otimes \mathcal{E}$ .
. , KP hierarchy
TL hierarchy , ‘open condition’
TL hierarchy . 2 2
. , [7] super TL hierarchy 3)




$\partial W=(IB_{+1}+B_{-1})1W-W\Lambda$ , $(21a)$
$\partial W=(B+1+\mathbb{I}3_{-1})\lambda \mathcal{T}-W\Lambda^{-1}$ . $(21b)$
6
7, $\partial=\partial_{+1}+\partial_{-1}$ . $\partial$
KP hierarchy $\mathcal{D},$ $\mathcal{E}$ . 2 2
$\partial$ . $\mathcal{E}\oplus \mathcal{E}$ 2
vector .




$W^{(s)}= \sum_{n=0}^{\infty}w_{n}^{(s)}\partial^{s-n}$ , $(23a)$
$V^{(s)}= \sum_{n=0}^{\infty}v_{n}^{(s)}\partial^{-s-1-n}$ . $(23b)$
$\mathcal{M}$ $\mathcal{E}\oplus \mathcal{E}$ $\mathcal{A}$ ,
. $\mathcal{M}$ $D$ . $D$ 2 .
$\mathcal{M}=\mathcal{D}(W^{(s)},$ $V^{(s)})+\mathcal{D}(W^{(s-1)},$ $V^{(s-1)})$ . (24)
$s$ ,
(10)
. $s\in Z$ $\mathcal{A}$ .
$\mathcal{E}\oplus \mathcal{E}=\mathcal{M}\oplus(\mathcal{E}^{(s-1)}\oplus \mathcal{E}^{(-s-1)})$ . (25)
$(\partial^{i}, 0)(i\geq s)$ $(0, \partial^{-i-1})(i\leq s-1)$ , $\mathcal{M}-$
$(W_{i}^{(s)}, V_{i}^{(s)})$ $(\overline{W}_{i}^{(s)}, \overline{V}_{i}^{(s)})$ .
$W_{i}^{(s)}= \partial^{i}-\sum_{j<s}w_{i}^{(s_{j})}\partial^{j}$
, $(26a)$




8( ) KP hierar-
chy . (8) 2 2
, ( (8)
. )
, (26) $w_{n}^{(s)},$ $v_{n}^{(s)}$
. , (26) .
$Z$ , $zuz$ .
(27)




. ( $A$ ) .
$D$ ( $A$ ) . $((W, 1T),$ $\eta^{(s)},$ $h^{(s)}$
. )
8




















$\eta^{(s)}$ ( ) $W_{n}^{(s)},$ $v_{n}^{(s)}$
. , TL hierarchy
Grassmann affine . su-
per KP hierarchy , 4) affine
$\tau$ ( ) .
TL hierarchy $[7, 8]$ $\tau$
, , KP hierarchy TL hierarchy






, $D$ (24), (25)
. , KP hierarchy ( 1 ) 2
. 2 KP hierarchy $\mathcal{E}\oplus \mathcal{E}$ $D$
. TL hierarchy $s$ 2 KP hierarchy
. , KP hierarchy (10)
$s\in$ . Grassmann
TL hierarchy ( ‘open condition’)
.
(10) , Grassmann
, reference subspace .
affine . Grassmann affine
, reference subspace
. (25) reference subspaces
( ‘open condi-
tion’ . ‘Zariski open’ . )
10
11






$W^{(i)}]= \sum_{j}B_{+n,ij}W^{(j)}-W^{(i)}\partial^{n}$ , $(29a)$
$[\partial_{+n},$
$V^{(i)}]= \sum_{j}B_{+n,ij}V^{(j)}$ , $(29b)$
$[\partial_{-n},$
$W^{(i)}]= \sum_{j}B_{-n,ij}W^{(j)}$ , $(29c)$
$[\partial_{-n},$
$V^{(i)}]= \sum_{j}IB_{-n,ij}V^{(j)}-V^{(i)}\partial^{n}$ , $(29d)$
$B\pm n,ij$ $B\pm n$ $(i, j)$ .
$\partial\pm n$ $\partial_{\pm n}$
(1) , $\partial_{\pm n}W^{(s)}$
.
$([\partial_{+n},$ $W^{(s)}]+W^{(s)}\partial^{n},$ $[\partial_{+n},$ $V^{(s)}])\in \mathcal{M}$ , $(30a)$
$([\partial_{-n},$ $W^{(s)}],$ $[\partial_{-n},$ $V^{(s)}]+V^{(s)}\partial^{n})\in \mathcal{M}$ , $(30b)$
. $\mathcal{M}$ $(W^{(8)}, V^{(8)})$ $\mathcal{A}$ , (30)
1 , $B\pm\dot{n},ij$ (29) . (29), (30)
KP hierarchy ([1, 2, 3, 5, 6] )
.
$\eta^{(s)}$ . $\mathcal{M}$
(29), (30) . TL hierarchy (18)
$(1\Psi, W)$
$\partial+n(1\Psi, lT)=B+n(W, V)-(W, 1T)(\begin{array}{ll}\Lambda^{n} 00 0\end{array})$ , $(31a)$




([5, 6] ) . , (28) , $B\pm n$




. $\eta^{(s)}$ (18) .
$\partial_{+n}\eta^{(s)}=B_{+n}^{(s)}\eta^{(s)}-\eta^{(s)}(\begin{array}{ll}\Lambda^{n} 00 0\end{array})$ , $(32a)$
$\partial_{-n}\eta^{(s)}=B_{-n}^{(s)}\eta^{(s)}-\eta^{(s)}(\begin{array}{ll}0 00 \Lambda^{-n}\end{array})$ $(32b)$
$(33a)$
$(33b)$
$\partial$ (20) $\eta^{(s)}$ .
.
$\tau$ .
. $A$ $\log\tau(s)$ ( )
$\tilde{\mathcal{A}}^{d}=^{ef}A[\log\tau(s)(s\in Z)]$












$\mathcal{A}$ ( $\overline{\mathcal{A}}$ $A$
. )
, (34) TL hierarchy
Frobenius . $\tau$
.
[7] . , [7]
( . ) ,
[7] super TL hierarchy .
(34) .
5. $super$ $TL$ $hier$ a $rchy$




hierarchy $\mathfrak{W}=(w_{i-j}^{(i)}),$ $W=(v_{j-i}^{(i)})(i,j\in Z)$
. 1W 1,
$\lambda I$ , . ,
, $i-j$ . -
, , . ([6, 9, 10]
. )
$\mathcal{A}=\mathbb{C}[w_{n}^{(s)},$ $v_{n}^{(s)},$ $v_{0}^{(s)-1}(s, n\in Z)]$ (35)
13
14
$Z_{2}$ -grading (Z2 $=\{\overline{0},$ $\overline{1}\}$ ) , . grading
$a\in A$ $\in Z_{2}$ parity , $p(a)$ . $-\supset$
$p(w_{n}^{(s)})=\overline{n}$ , $p(v_{n}^{(s)})=\overline{n}$. (36)









DVVT $=BW-SWS\Lambda$ , $(40a)$
$D\lambda I=BW-S1IS\Lambda^{-1}$ , $(40b)$
IB $=(S1WS\Lambda W^{-1})_{+}+(S1IS\Lambda^{-1}1I^{-1})_{-}$ . (41)
$n$ $\overline{D}\pm n$ $Z_{2}$-grading . $D$ $Z_{2}$ -grading $\overline{1}$
. parity $p(\overline{D}\pm n)=\overline{n},$ $p(D)=$ .
.
$[\overline{D}\pm n’\overline{D}_{\pm m}\}=((-)^{nm}-1)\overline{D}\pm(n+m)$, $(42a)$
$[\overline{D}+n\overline{D}_{-m}\}=0$ , $(42b)$
$[\overline{D}\pm nD\}=0$ . $(42c)$
14
15
[, } . (parity) 2
$[A,$ $B\}^{d}=^{ef}[A, B]_{-(-)^{p(A)p(B)}}=AB-(-)^{p(A)p(B)}BA$ .
$A$ $\overline{D}_{\pm n},$ $D$ .
super TL hierarchy .
,
KP hierarchy $\overline{D}\pm n’ D$ .





$D= \frac{\partial}{\partial\theta}+\theta\frac{\partial}{\partial x}$ . $(43c)$
$(t_{\pm n}(n=1,2, \ldots), x, \theta)$ $t_{\pm(2n-1)}$ $\theta$
(parity $=\overline{1}$ ), $t_{\pm 2n}$ $x$ (parity $=\overline{0}$ ) . , $(x, \theta)$
, $D$ ((40) $A$ $\mathcal{A}$ $\mathbb{C}$-
$\ovalbox{\tt\small REJECT})$ . [9] .
$\overline{D}\pm n$ (Zakharov-Shabat )

















, [9] ‘Riemann-Hilbert ’
2 hierarchy $\exp(\sum_{n}^{\infty_{=1}}t_{\pm n}S^{n}\Lambda^{\pm n})$ ,
.
super TL hierarchy TL hierarchy
. super
. $B_{a}$ ( ) $S$
. super KP hierarchy $[6, 10]$ . $S$




. $D$ $\partial$ $D$
. $W^{(s)},$ $V^{(s)}$ .
(29) $,(30)$ .
$[\overline{D}_{+n},$
$W^{(i)} \}=(-)^{in}\sum_{j}B_{+n,ij}W^{(j)}-(-)^{in}.W^{(i)}D^{n}$ , $(48a)$
$[\overline{D}_{+n},$
$V^{(i)} \}=(-)^{in}\sum_{j}B_{+n,ij}V^{(j)}$ , $(48b)$
$[\overline{D}_{-n},$
$W^{(i)} \}=(-)^{in}\sum_{j}B_{-n,ij}W^{(j)}$ , $(48c)$
$[\overline{D}_{-n},$
$V^{(i)} \}=(-)^{in}\sum_{j}B_{-n,ij}V^{(j)}-(-)^{in}V^{(i)}D^{n}$ , $(48d)$
$([\overline{D}_{+n},$ $W^{(s)}\}+(-)^{sn}W^{(s)}D^{n},$ $[\overline{D}_{+n}$ . $V^{(s)}\})\in A4,$ $(49a)$
( $[\overline{D}_{-n},$ $W^{(s)}\}$ , $[\overline{D}_{-n}$ . $V^{(s)}\}+(-)^{sn}V^{(s)}D^{n})\in \mathcal{M}$ . $(49b)$
16
17
$\eta^{(s)}$ , $B$ , (32)
$\overline{D}_{+n}\eta^{(s)}=S^{n}B_{+n}^{(s)}\eta^{(s)}-S^{n}\eta^{(s)}(\begin{array}{ll}\Lambda^{n} 00 0\end{array})$ , $(50a)$
$\overline{D}_{-n}\eta^{(s)}=S^{n}B_{-n}^{(s)}\eta^{(s)}-S^{n}\eta^{(s)}(\begin{array}{ll}0 00 A^{-n}\end{array})$ , $(50b)$
. $D$
$\swarrow^{(\mathfrak{t}^{\mathfrak{g}_{\iota nB\backslash \lambda^{\bigvee,1_{-}^{(\ovalbox{\tt\small REJECT}?,)}}}}}\mathfrak{l}1^{\circ\backslash }($
















[1] (1984-1986) ( )
[2] (1986)( 668‘ $D$ II’ ) (
)
[3] AMS Summer Institute ‘Theta Functions’ (Bowdoin College 1987) (
675‘ ’ ) ( )
[4] Lectures at John Hopkins University (1988) ( )
. [1,2,4] ( )
.
[5] Integrable systems as deformations of D-modules, preprint RIMS-601 (
AMS Summer Institute )






[7] K. Ueno and K. Takasaki, Toda lattice hierarchy, in K. Okamoto (ed.), Group
Representations and Systems of Differential Equations, Advanced Studies in
Pure Mathematics vol. 4 (North-Holland 1984).
[8] K. Takasaki, Initial value problem for the Toda lattice hierarchy, ibid.
. ([8] ,
. )
3) (p.6) super TL hierarchy .
[9] K. Ikeda, Super Toda lattice hierarchy, Lett. Math. Phys. 14 (1987), 321-328.
$r$




[10] K. Takasaki, Symmetries of the super KP hierarchy, Lett. Math. Phys. (to
appear)
. super KP hierarchy ‘ ’
.
5) (p.16) , $\pm 1$ 1
trace ( ‘Markov trace’ )
. super $(bose+fermi)$
para .
,
.
19
